The exceptional configuration of the minimal resolution S G of a Kleinian quotient surface S G
Introduction
In his study of the general theory of elliptic surfaces, Kodaira obtained the complete structure of singular fibers over a non-singular curve [5] . In the list of all singular fiber structures, there are eight simple types, labeled by I b , I * b , II, II * , III, III * , IV, IV * . Among which, the types I b (b ≥ 2), I * b , II * , III * , IV * , are special in that the irreducible components of the singular fiber are all (−2)-P 1 curves with normal crossing. Furthermore, the fibration structure of the smooth surface near a such singular fiber can be represented by a marked graph, consisting of lines attached with some positive integers, to describe the singular fiber-divisor in the surface. The structure can equally be represented by its dual graph with a branching index attached to each node. The resulting dual graphs are the affine A-D-E Coxeter-Dynkin diagrams, described by the following correspondence 1 :
Kodaira singular elliptic fiber type dual ⇐⇒ Affine Coxeter − Dynkin diagram
where the affine A-D-E diagrams are depicted graphically as follows:
A r (r ≥ 1)
•3
In the above diagrams, the •'s denote fundamental roots in a Coxeter-Dynkin diagram, ⊕ = −θ (the negative of maximal root), and the integer close to a node indicates the corresponding branching coefficient. Note that the total sum of roots with branching coefficients is equal to zero. On the other hand, in his work on the invariant theory of regular solids in R 3 around 1872, F. Klein obtained the structure of surface singularities of the quotient space S G (:= C 2 /G) for a finite non-trivial subgroup G of SL 2 ( C) [4] . The orbifold S G can be realized as a hypersurface in C 3 with the isolated singularity at the origin, denoted by o throughout the paper. It is known that the minimal resolution of S G , π :
has the trivial canonical bundle, and the exceptional configuration π −1 (o) is represented by the A-D-E Coxeter-Dynkin diagram [1, 2, 7, 8] . The classification of Kleinian singularities is given by the following table:
Binary Tetrahedral where X, Y, Z are G-invariant homogenous polynomials in the coordinates of C 2 with the degrees indicated respectively by those in the above table. The hypersurface structure of S G in C 3 is defined as zeros of the invariants' relation. The configuration of exceptional divisors in π −1 (o) ⊂ S G can be realized by its dual graph, which is a A-D-E diagram, i.e. the one obtained by the affine CoxeterDynkin diagram by omitting ⊕ and branching indices. Nevertheless what still remains unclear is the geometric interpretation of the branching indices in affine Coxeter-Dynkin diagrams. In this paper we shall provide an explicit quantitative answer to this question so that one can recover the whole data of the affine A-D-E diagram purely from the geometry of Kleinian singularities. By Kodaira's elliptic surface theory and the correspondence (1), the elliptic projection should in principle provide a local analytic function of S G near the singular point o such that its divisor in S G via the morphism π in (2) produces pictorially the affine Coxeter-Dynkin diagram. However the explicit form of the function in terms of invariants in Table 1 remains to be discovered. It is the objective of this paper to show that one can indeed determine this function through the theory of Kleinian singularities. Our main result is the following theorem.
Theorem 1 Let X, Y, Z be the invariants in Table 1 . We define the following function F of S G , In this article, the study will be discussed in the domain of orbifold geometry. It is known that the groups G of type D or E all have minus-identity in the center subgroup. By first blowing up C groups, where explicit coordinate systems are available by techniques in toric geometry. Using the explicit forms of invariants X, Y, Z, one can carry out the necessary calculations related to the divisor, then make the identification with the affine A-D-E diagram. The paper is organized as follows. In Section 2, we briefly discuss the explicit forms of A-D-E Kleinian groups and the expressions of invariants X, Y, Z in Table 1 , which our later calculations in the proof of Theorem 1 will base on. We shall verify Theorem 1 in the next two sections. Section 3 deals with the A-D type groups G, where the explicit coordinates in toric geometry for the minimal resolution of related A-type groups are used, and some extract consideration of a certain Z 2 -symmetry is needed in the derivation. In Section 4, we consider the E-type groups G in Theorem 1 by using the orbifold of S A 1 quotiented by G (= G/A 1 ) to study the structure of S G , then the conclusion will follow from calculations of A-type group action around three elements in the exceptional curve of S A 1 . In Section 5, we discuss the class of invariant functions f as local functions of S G near the singular point o such that the divisor of f in S G possesses the same property as F in Theorem 1, and explore the relations between f and F . Finally we give the concluding remark in Section 6.
Convention. To present our work, we prepare some notations. In this paper, Z, C will denote the ring of integers, complex numbers respectively, P 1 = the complex projective line, and i = √ −1. For a positive integer N , we denote by Z N the quotient ring Z/N Z.
Invariants of Kleinian Singularities
For the need of computations later used in this paper, we shall fix a C 2 -representation for each group G in Table 1 , and denote the coordinates of C 2 by (Z 1 , Z 2 ). For simplicity, the group G will be denoted again by the corresponding symbol, A, D, E if no confusion could arise.
Denote ω N := e 2πi N , and define the following matrices in SU 2 :
We have the relations:
The finite subgroup G of SL 2 ( C) can be represented by the following forms:
(see, e.g., [9] ). The invariants X, Y, Z in Table 1 are given by
) ;
where f j , F k 's are polynomials in Z 1 , Z 2 (see [4] or [6] ) given by
For a group G in (3), it induces a subgroup G in PSL 2 ( C) with |G| = |G|/2 except G = A 2k , in which case |G| = |G|. The projective automorphism group G acts on P 1 with [Z 1 : Z 2 ] as the homogenous coordinates. The G-quotient of P 1 gives rise to a morphism of P 1 ,
where ϕ 1 , ϕ 2 are two homogenous polynomials of degree |G|. For E-type groups, it is known that ϕ 1 , ϕ 2 can be represented by the following invariants, and the map (5) has three critical values, v 1 , v 2 , v ∞ . All critical points over a critical value v j have the same branched index, denoted by b j , equal to the order of their isotropic subgroups in G:
3 Affine Diagram of Type A and D
In this section, we are going to show Theorem 1 for groups G of type A or D.
For G = A r , one can use techniques in toric varieties [3] or the continued fraction method [7] to obtain the minimal resolution S G . Indeed, S G has an open cover consisting of open affine charts,
, where U k is isomorphic to C 2 with the affine coordinates (u k , v k ) expressed by the monomials of Z i 's :
Denote byô k the element in S G with the coordinate u k = v k = 0. The exceptional divisor in S G is given by ℓ 1 + · · · + ℓ r , where ℓ j is the rational (−2)-curve joiningô j−1 andô j with the defining equations: v j−1 = u j = 0. Inside S G and S G , the algebraic torus C * 2 /G is considered as the same Zariski-open set via the morphism (2) . As a toric variety, the complement of C * 2 /G in S G consists of r +2 irreducible toric divisors, c 0 + r j=1 ℓ j +c r+1 . Here c 0 , c r+1 are the affine curve C defined by u 0 = 0 and v r = 0 respectively, corresponding to the proper transform of {Z i = 0}/G for i = 1, 2. The structure of S G can be depicted in the following picture: By (7), one has
Then using the expressions in (4) for A r , we have the following divisor-description in S Ar :
For G = D r (r ≥ 4), we denote h = 2r − 5, and H = the group A h . By (3), H is an index 2 normal subgroup of G, and one has the naturally induced morphism of orbifolds: S H −→ S G . The element τ in G defines the linear automorphism of C 2 sending (Z 1 , Z 2 ) to (Z * 1 , Z * 2 ) := (−Z 2 , Z 1 ), hence it induces an order 2 automorphism of S H , by which one has the volume-form preserving automorphism τ † of S H . The minimal resolutionŜ G of S G can be identified with the minimal resolution of S H /τ † . For the affine charts U k (0 ≤ k ≤ h) of S H in (7), τ † interchanges U k and U h−k with the following coordinate-expression:
Therefore, the fixed-point set of τ † in S H consists of two elements, denoted by α 1 , α 2 . Indeed by k = r − 3 in the above relations, τ † is described by
The elements α 1 , α 2 are defined by the equations: v r−3 = 0, u 2 r−3 = (−1) r . This implies that both α i ∈ ℓ r−2 , and τ † acts locally as A 1 near α i in S H . Let S H be the blow-up of S H centered at {α 1 , α 2 }, and e 1 , e 2 the corresponding exceptional (-1)-curves in S H . The automorphism τ † of S H can be lifted to an involution τ of S H with e 1 ∪ e 2 as the fixed locus. Then the quotient space S H / τ is a smooth surface which can be identified with the resolution space S G of S G ,
The exceptional divisors in S G are the ℘-image of e i 's and ℓ j 's, described as follows:
Note that for a function f of S G , one can determine the structure of div(π * f ) in S G by examining that of div((π℘) * f ) in S H through the (degree 2) morphism ℘ in (10). Since τ † interchanges U k and U h−k , the expressions of the function f on the first half of open charts in S H , U j for 0 ≤ j ≤ r − 3, will explicitly display the structure of div(π * f ) in S G . By (8) for A h , one can express the following functions of S G in the coordinates (u j , v j ) of U j for 0 ≤ j ≤ r − 3,
Hence for c ∈ C \ {0}, one has
In the case r = 4, (hence h = 3), the elements α 1 , α 2 in S H are given by (u 1 , v 1 ) = (±1, 0). By (11) one has
When c = ±1, the zeros of the function u 2 1 + 2 c u 1 + 1 consist of two disjoint C-curves, denoted by ̺ 1 , ̺ 2 . Note that ̺ 1 , ̺ 2 are disjoint with the elements α 1 , α 2 , and are permuted under τ . Therefore for F = X + cY (c ∈ C \ {0, ±1}), the divisor of F in S H near (π℘) −1 (0) is given by div((π℘) * F ) = ℓ 1 + ℓ 3 + 2ℓ 2 + 2( e 1 + e 2 ) + ̺ 1 + ̺ 2 . Hence in S G near the exceptional set, one obtains v 1 ) of U 1 . As both ̺ and τ † ( ̺) are disjoint with ℓ r−2 , and α 1 , α 2 ∈ ℓ r−2 , ̺ and τ † ( ̺) can also be regarded as two affine curves in S H , denoted by ̺ 1 , ̺ 2 respectively. By (11), the divisor of the function F in S H near (π℘) −1 (0) is expressed by div((π℘) * F ) = ℓ 1 + ℓ h + 2 h−1 j=2 ℓ j + 2( e 1 + e 2 ) + ̺ 1 + ̺ 2 . Therefore in S G near the exceptional set, one obtains the D r -configuration:
where 
Affine Diagram of Type E
In this section, we will show Theorem 1 for G = E 6 , E 7 , E 8 , where the function F is defined by F = X.
Note that A 1 is the central subgroup of G. The blow-up of C 2 at the origin, C 2 , has the (-1)-P 1 exceptional curve with [Z 1 : Z 2 ] as its homogenous coordinates. The A 1 -action on C 2 induces a Z 2 -action of C 2 with the exceptional curve as its branched locus. The Z 2 -quotient of C 2 is a smooth surface which can be identified with the minimal resolution of S A 1 , denoted by M (:= S A 1 ) in this section. We denote the (-2)-exceptional curve in M by e, which is isomorphic to the exceptional curve in C 2 , hence one may again use [Z 1 : Z 2 ] as the homogenous coordinates of e. The action of G (= G/A 1 ) on S A 1 induces a G-action on M preserving the global holomorphic volume-form. Then we have the following morphism induced from S A 1 to its G-quotient,
The minimal resolution M/G of M/G is isomorphic to S G , and we shall make the identification, S G = M/G, for the rest of this section. We are going to determine the structure of div(π * X) in S G by examining the divisor div(Φ * X) in M under the G-action.
The exceptional curve e of M is G-stable, and it contains all the G-fixed points of M : M G = e G . With [Z 1 : Z 2 ] as the coordinates of e, the quotient map from e to e/G can be represented by the morphism ϕ in (5) with the property (6), and we shall make this identification hereafter for simplicity of notations. Hence M G consists of all critical points of the morphism ϕ, M G = j=1,2,∞ ϕ −1 (v j ). Furthermore for each p ∈ ϕ −1 (v j ), the isotropic subgroup G p at p is an order b j cyclic subgroup of G with the A b j −1 -action near p in M , where b j is the branched index in (6) . By (4), the linear factors (in the variables Z 1 , Z 2 ) of the invariant polynomial X for each E-type group are all distinct with the multiplicity one. The [Z 1 : Z 2 ]-ratios of these linear factors are indeed all the elements of ϕ −1 (v ∞ ). For each q ∈ ϕ −1 (v ∞ ), its corresponding linear form appeared in the factorization of X gives rise to an irreducible divisor in M , denoted by d q , which intersects e transversely. It is not hard to see that the divisor in M induced by the function X is given by
For a G-fixed point p ∈ ϕ −1 (v j ), there exists a local analytic coordinates (z 1 , z 2 ) for a G p -invariant neighborhood U p centered at p in M , such that e is locally defined by z 1 = 0 and the local
; furthermore for j = ∞, the divisor d p is locally defined by z 2 = 0. In terms of (z 1 , z 2 ), the function Φ * X near p ∈ ϕ −1 (v j ) has the following local description:
Note that m = b ∞ + 1, and m is divisible by b 1 and b 2 by (6). We now consider the orbifold M/G. The singular set of M/G consists of three elements, corresponding to the critical values of G-quotient map of e (= P 1 ) in (5), denoted again by v 1 , v 2 , v ∞ . The local orbifold structure of M/G near v j is isomorphic to U p /G p for any p ∈ ϕ −1 (v j ). Using the local coordinates (z 1 , z 2 ) ∈ C 2 of U p , one has the isomorphism of germs of analytic spaces:
hence the structure of M/G over M/G is described by S A b j −1 (j = 1, 2, ∞) near the exceptional set.
In order to determine the divisor of the function X in M/G, one needs only to consider the divisorexpression of X in the minimal resolution (8) for r = b j , one has the divisor-description of the following local functions: div(z
where ℓ p,k 's are the (-2)-P 1 exceptional curves, and e(p), d(p) are the open curves in U p /G p corresponding to the proper transfer of e/G p , d p /G p respectively. By (14), the function in U p /G p induced by X has the following divisor-expression:
Note that the function of M induced by X, i.e. Φ * X, is G-invariant, so is div(Φ * X). Furthermore, the local resolution spaces U p /G p for p ∈ ϕ −1 (v j ) are all identified in M/G for each j. Therefore By the local results on the structure of U p /G p , the exceptional divisors of M/G (= S G ) over S G is given by e + j=1,2,∞ b j −1 k=1 ℓ v j ,k with the corresponding E-type configuration, and the divisor of
By which, one obtains the affine E-diagram property of div(Φ * X) for each case, where d corresponds to ⊕ of the diagram. This completes the proof of Theorem 1 for groups G of type E. Proof. The divisor of F in S G is given by (12) or (13), where ̺ corresponds to ⊕ of the affine D r -diagram. For a function f of S G satisfying the conditions of the proposition, let ̺ ′ be the irreducible component in div(π * f ) corresponding to ⊕ of the affine diagram. Then ̺ ′ intersects only one (-2)-P 1 curve, d 2 , in the exceptional set, and we denote the intersecting point d 2 · ̺ ′ by p. By the remark in the end of Section 3, one can choose a suitable complex number c in the definition of F such that ̺ · d 2 is again the element p. As both div(π * F ), div(π * f ) are represented by the same affine diagram configuration, and ̺, ̺ ′ intersect d 2 normally at the same point p, the support of the divisor div(π * (f /F )) is disjoint with the exceptional set π −1 (o). This implies that f /F gives rise to a unit of near S G near o, hence follows the result. 2
Among the A-type groups, A 1 is special in that the basic invariants X, Y, Z are all of degree two. One can achieve the same expression of invariants' relation for A 1 in Table 1 by some suitable linear changes of variables in X, Y, Z, then the curve corresponding to ⊕ varies accordingly. Thus, we consider only the case G = A r for r ≥ 2. For c ∈ C \ {0}, by (8) the function X + cY has the following expressions in the affine chart U k ⊂ S G :
This implies that near the exceptional set in S G , the divisor of the function X + cY is expressed by
where ̺ is an open curve which intersects (transversely) only ℓ r among all ℓ j 's. Similarly, the same conclusion holds for div(π * (X + cZ)) except the curve ̺ intersecting only ℓ 1 , instead of ℓ r . All these divisors can be represented by the affine A r -diagram with ̺ corresponding to ⊕ of the diagram. Note that the curve ̺ corresponding to ⊕ is irreducible, unlike the curve c 0 + c 1 in Theorem 1 which consists of two irreducible components.
For an E-type group G, the function F in Theorem 1 can be characterized as the homogenous invariant polynomial of Z i 's with the smallest degree. The existence of other possible invariants which possesses the affine-Coxeter-Dynkin-diagram property as F appears to be skeptical upon closer inspection of the geometrical structure of S G though not rigorously verified yet.
Concluding Remarks
In this work, we have provided a geometrical interpretation of branching indices attached to an affine A-D-E Coxeter-Dynkin diagram by the divisor theory in the minimal resolution S G of a Kleinian orbifold S G . By examining the invariants of the associated orbifold S G , we choose a particular function F whose divisor in S G reveals the full data of the corresponding affine diagram, including the branching indices and ⊕. This can be viewed as an affine version of elliptic fibration near certain types of simple singular fibers in Kodaira's elliptic surface theory. The main result, Theorem 1, was explained and justified in Section 3 and 4 by using the explicit form of invariant functions, and techniques in toric geometry applying to resolution problems of orbifolds. In Section 5, we study the problem of determining all local analytic functions f of S G (up to local units) near the singular point o, such that the divisor of f in S G shares the same property as that of F . For the groups of type D, the local function represented by F is the unique one with the affine diagram property. While for A-type groups, we have provided some functions f other than F with the affine diagram property, however the divisor corresponding to ⊕ of the diagram has displayed different geometrical natures. Thus, the description of all functions f for the A-E-type groups appears to be a problem left for the solution.
